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I. INTRODUCTION 

The rendezvous radar aboard the LM and the sextant 
aiid ViiF ranging device aboard the CN! are sensors which 
can provide data for lunar orbit rendezvous navigation. 
comparison of the navigation performance of the Kalman f i l t e r  
when using these sensors individually and in combination is 
presented in this memorandum. Specific questions of interest 
are: What measurement errors are tolerable for the VHF rang- 
ing d,nr;icc? 
initialize the Kalman filter? The Bellcomm Statistical E r r o r  

Simulation Program'') was used t o  compute the performance of 
the Kalman filter working with the various navigation sensors 
and initial error covariance matrices. 

11. RENDEZVOUS TRAJECTORY 

A 

aiid :;'hat C G i - Z i ' I d r l c t .  r r l a i r i x  snouid. be used. to 

The l u n a r  orbits used in this malysis f=r the CM 
and the LM were specified by MSC for the Abort Guidance System 

be summarized as follows: (AGS) performance analysis p ~ ~ . ~ p n s e s ;  (2) t h e  t r a j e c t o r i e s  ca; 

1. CSM is in a 60 NM circular orbit, 

2. LM inserts into a 9.85 x 30 NM elliptical orbit 
coplanar with CSM, 

3. Phase angle at insertion is 23.95 deg., CSM 
ahead of LM, 

4. 

5. CDH occurs at first apsis. 

CSI occurs 30 minutes after insertion, 

The statistical simulation was begun at CSI time 
and was terminated at an arbitrary time 3060 sec. later. 
30 NM differential altitude between CSM and LM orbit after 

A 
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CDH r e s u l t e d  from no t  making a CSI b u r n  and from c i r c u l a r i z i n g  
t h e  LM o r b i t  one-ha l f  p e r i o d  a f t e r  i n s e r t i o n .  The CDH maneuver 
was made a t  t h e  30 NM a p o a p s i s  of t h e  LM t r a j e c t o r y ,  1555 s e c  
a f t e r  CSI t i m e ;  F i g u r e  1 d i s p l a y s  LM a l t i t u d e  and r e l a t i v e  p o s i -  
t i o n  and v e l o c i t y .  

N a v i g a t i o n  marks were begun 3 minu tes  a f t e r  CSI and 
were c o n t i n u e d  s u b s e q u e n t l y  a t  4-minute i n t e r v a l s .  An exam- 
i n a t i o n  o f  t h e  e f f e c t s  o f  t h e  measurement s c h e d u l e  on nav iga -  
t i o n  per formance  was n o t  i n c l u d e d  i n  t h i s  a n a l y s i s .  

No maneuvers were made based on t h e  n a v i g a t i o n  informa-  
t i o n .  The C D H  marieuveii was precomputed and t h e  r e q u i r e d  O V  and 
t i m e  of CDH i n s e r t e d  i n t o  t h e  program as i n p u t  data .  A nominal  
and p e r f e c t  CDH was made wi thou t  e x e c u t i o n  e r r o r .  

111. BELLCOMM STATISTICAL ERROR PROGRAM 
A 

The est imated cova r i ance  m a t r i x ,  E ,  of t h e  n a v i -  
g a t i o n  e r r o r ,  g ,  ( F i g u r e  2 )  i s  computed by t h e  Kalman f i l t e r  
a l g o r i t h m s  ( 3 )  implemented i n  t h e  Bellcomm S t a t i s t i c a l  Error 
S i m u l a t i o n  Program. The a c t u a l  n a v i g a t i o n  e r r o r  c o v a r i a n c e  
m a t r i x ,  E ,  which forms t h e  o u t p u t  of t h i s  s t u d y ,  i s  computed 
from t h e  estimated c o v a r i a n c e  m a t r i x  as shown i n  Appendix 1. 

I t  s h o u l d  b e  emphasized t h a t  t h e  a c t u a l  c o v a r i a n c e  
matrix computed by t h i s  program i s  a s t a t i s t i c a l  r e p r e s e n t a -  
t i o n  of t h e  a c t u a l  n a v i g a t i o n  e r r o r  e x p e c t e d  f o r  an  ensemble 
of t r a j e c t o r i e s .  The e r r o r  s o u r c e s  which c c n t r i b u t e  t o  t h e  
a c t u a l  c o v a r i a n c e  m a t r i x  a re  ihe i i i i t l a l  a c t u a l  ETTGT 
c o v a r i a n c e  m a t r i x  and t h e  subsequen t  a c t u a l  measurement e r r o r s  
o f  t h e  s e n s o r s .  The e s t i m a t e d  c o v a r i a n c e  m a t r i x ,  on t h e  o t h e r  
hand ,  i s  i n i t i a l l y  a s e t  o f  numbers ( f o r  s t a r t i n g  t h e  Kalman 
f i l t e r )  which may or may n o t  be  an a c c u r a t e  estimate o f  t h e  
a c t u a l  e r r o r .  S u b s e q u e n t l y ,  t h e  es t imated c o v a r i a n c e  m a t r i x  i s  
de t e rmined  by t h e  i n i t i a l  c o v a r i a n c e  m a t r i x  es t imate  and t h e  
es t imate  o f  t h e  measurement e r r o r s  of  t h e  s e n s o r s .  

It  s h o u l d  be p o i n t e d  o u t  t h a t  t h i s  :;+,i;dy d e a l t  w i t h  
r e l a t i v e l y  small n a v i g a t i o n  e r r o r s  i n  which t h e  l i n e a r i t y  
a s sumpt ion  o f  t h e  s t a t i s t i c a l  s i m u l a t i o n  was s u r e l y  n o t  v i -  
o l a t e d .  I m p l i c i t  i n  t he  Kalman f i l t e r  a l g o r i t h m s  i s  t h e  assump- 
t i o n  t h a t  t h e  measurement d e v i a t i o n  v e c t o r  i s  l i n e a r l y  r e l a t e d  
t o  t h e  s t a t e  d e v i a t i o n  v e c t o r .  S u b s t a n t i a l l y  l a r g e r  n a v i g a t i o n  
e r r o r s  which v i o l a t e  t h i s  l i n e a r i t y  assumpt ion  would r e q u i r e  a 
Monte C a r l o  s i m u l a t i o n  r a t h e r  t h a n  t h e  s t a t i s t i c a l  s i m u l a t i o n .  
The r e s u l t s  of s t a t i s t i c a l  s i m u l a t i o n  program computa t ions  would 
n o t  r e v e a l  a l i n e a r i t y  assumpt ion  v i o l a t i o n ,  i f  there  were o n e ,  
u n l e s s  t h e  r e s u l t s  were compared w i t h  t h e  r e s u l t s  o f  a Monte 
C a r l o  s i m u l a t i o n .  
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The r e s u l t s  o f  t h e  s t u d y  are p r e s e n t e d  as root-sum- 
s q u a r e  (RSS) p o s i t i o n  and v e l o c i t y  e r r o r s  d e r i v e d  from t h e  ac -  
t u a l  e r r o r  c o v a r i a n c e  m a t r i x  E = € ( e  e ) .  L e t  t h e  n a v i g a t i o n  
e r r o r  have  p o s i t i o n  and v e l o c i t y  v e c t o r  components 

T 
- -  

where 

e = p o s i t i o n  e r r o r  v e c t o r  
-X 

e = v e l o c i t y  e r r o r  v e c t o r  
-V 

The RSS p o s i t i o n  and v e l o c i t y  e r r o r  r e s p e c t i v e l y  a re  d e f i n e d  
as : 

R S S ~  = vtr € ( e  -x-x e F) 

R S S ~  = 7/tr € ( e  -v-v e T, 

Cases were s e l e c t e d  and r u n  t o  assess t h e  e f f e c t  on 
n a v i g a t i o n  per formance  o f  t h e  i n i t i a l  es t imated E-matr ix  and  of  
n a v i g a t i o n  s e n s o r  e r r o r s .  
i n  a l l  c a s e s  t a k e n  t o  b e  a n  "MSFN E-matr ix"  r e p r e s e n t i n g  LM s t a t e  
u n c e r t a i n t i e s  a f t e r  MSFN t r a c k i n g  of  t h e  LM between i n s e r t i o n  
and CSI.  Four se t s  o f  c a s e s  were r u n ,  e a c h  w i t h  d i f f e r e n t  i n i t i a l  
es t imate  E-ma t r i ces ,  E ,  shown i n  T a b l e  I .  These c o v a r i a n c e  m a t r i c e s  
are e x p r e s s e d  i n  LM l o c a l  v e r t i c a l  c o o r d i n a t e s  ( u p ,  f o r w a r d ,  c r o s s -  
p l a n e )  as f o l l o w s :  

The i n i t i a l  a c t u a l  E-mat r ix ,  E ,  was 

n 
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X h P )  
U 

Y ( fwd) 
U XY 

xz p Y z  

X k  p Y j c  

XP Y? 

X i  p Y i  

where 

0 -  Y ( fwd) 

0x9 (Jy, a Z  a re  p o s i t i o n  s t a n d a r d  d e v i a t i o n s  i n  thousands  
o f  f ee t  

ai, 02, “2 are v e l o c i t y  s t a n d a r d  d e v i a t i o n s  i n  f ee t  p e r  
second 

are  c o r r e l a t i o n  c o e f f i c i e n t s  

The r e s u l t s  w i t h  Mat r ix  (l), t h e  MSFN E m a t r i x ,  r e p r e s e n t  t h e  nav- 
i g a t i o n  e r r o r s  a s s o c i a t e d  w i t h  a b e s t  e s t i m a t e  i n i t i a l  c o v a r i a n c e  
m a t r i x .  Ma t r ix  (2), c o n s i s t i n g  of o n l y  t h e  d i a g o n a l  e l e m e n t s  of 
Ma t r ix  (l), shows t h e  e f f e c t  of s i m p l i f y i n g  t h e  i n i t i a l  c e v a r i a n c e  

f u r t h e r  s i m p l i f i e d  from Matr ix  (21 ,  has t h e  same RSS p o s i t i o n  and 
v e l o c i t y  e r r o r s  as Matrices (1) and ( 2 )  e x c e p t  t h a t  t h e  e r r o r s  are 
e q u a l l y  a p p o r t i o n e d  i n  t h e  t h r e e  d i r e c t i o n s .  Ma t r ix  ( 4 )  has t w i c e  
t h e  RSS p o s i t i o n  and v e l o c i t y  e r r o r s  as Mat r ix  ( 3 )  and shows t h e  
e f f e c t  o f  changing  t h e  e r r o r  magni tudes  o f  t h e  s c a l a r  d i a g o n a l  
i n i t i a l  E-mat r ix .  The names a s s o c i a t e d  w i t h  t h e  m a t r i c e s  i n  T a b l e  I 
are used  i n  F i g u r e s  3 through 1 0 .  

m a t r i x  by ze ro ing  the correlaticn ter rns.  M Q f n i v  il-vI L A  ( 3 ) ,  ;;?,%ch 2 s  

Cases r u n  f o r  each  o f  t h e  f o u r  s e t s  c o n s i s t e d  of t h e  
f o l l o w i n g  s e n s o r  combina t ions :  

1. VHF o n l y ,  1 u = 80 f t .  (nomina l  VHF) 

3 .  VHF o n l y ,  1 a = 500 f‘t. (degraded  VHF) 

4 .  VHF o n l y ,  1 0 = 1 0 0 0  f t .  (degraded VHF) 
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5 .  SXT-only 

6 .  SXT t VHF 

7 .  PNGCS (Rendezvous Radar) 

The 80 f t  l a  f o r  VHF cor responded t o  an a c c e p t e d  estimate o f  t h e  

e x p e c t e d  per formance  o f  t h e  VHF. (4) 
show t h e  e f f e c t  o f  degraded VHF pe r fo rmance .  A r e c e n t  es t imate  of 

The per formance  a s s o c i a t e d  w i t h  t h i s  e r r o r  can  b e  s e e n  b y  i n t e r -  
p o l a t i n g  t h e  c u r v e s  of  t h e  r e s u l t s .  

The o t h e r  t h ree  VHF-only c a s e s  

t h e  VHF r a n g i n g  per formance  based on t e s t  data  i s  30 = 424 f t .  ( 5 )  

V. SENSOR ERRORS 

The v a l u e s  of t he  undegraded 10 s e n s o r  e r r o r s  u sed  i n  
t h e  s i m u l a t i o n  are l i s t e d  i n  T a b l e  I1 w i t h  t h e  s o u r c e s  r e f e r e n c e d .  
These v a l u e s  were d e r i v e d  f rom t h e  rendezvous  radar s p e c i f i c a t i o n s ,  
t h e  PNGCS and A G S  P & I s p e c i f i c a t i o n s ,  and f rom estimates o f  VHF 
pe r fo rmance .  Whereas t h e  Bellcomm s t a t i s t i c a l  computer  s i m u l a t i o n  
does  n o t  estimate measurement e r r o r  b iases ,  b o t h  b i a s  and random 
e r r o r s  a t t r i b u t e d  t o  t h e  PNGCS s e n s o r s  were root-sum-squared and 
u s e d  as random e r r o r s  i n  t h i s  s i m u l a t i o n .  

We f e e l  t h a t  t h e  p r e s e n t  s t u d y  method of u s i n g  a 
l a rge r  PNGCS a n g l e  random e r r o r  ( l a r g e r  b e c a u s e  i t  i s  t h e  RSS of 
t h e  a c t u a l  random e r r o r  and the  a n g l e  b i a s )  g i v e s  comparable  
r e s u l t s  ( i n  RSS n a v i g a t i o n  error) t o  t h e  u s e  of a smaller  a n g l e  
rar;dcm e r r c r  and s i m u l t a n e o u s  ~ s t i m a t i o n  of  t h e  a n g l e  b i a s e s .  I n  
t h e  p r e s e n t  s t u d y ,  t h e  we igh t s  from t h e  Kalman f i l t e r  a l g o r i t h m  
are low, because  o f  t h e  la rge  i n s t r u m e n t  e r r o r  v a r i a n c e .  I n  t h e  
P N G C S ,  t h e  w e i g h t s  on t h e  s t a t e  v e c t o r  are  a l s o  low,  d e s p i t e  t h e  
smaller  i n s t r u m e n t  e r r o r  v a r i a n c e ,  because  t h e  a n g l e  b i a s  must 
a l s o  b e  estimated as w e l l  as t h e  s t a t e  v e c t o r .  F u r t h e r  s u p p o r t  
f o r  t h i s  approach  i s  c o n t a i n e d  i n  Appendix B t o  t h e  AGS improved 

( 8 )  radar f i l t e r  s t u d y .  

V I .  I N I T I A L  COVARIANCE M A T R I X  

The i n i t i a l  LM a c t u a l  e r r o r  c o v a r i a n c e  m a t r i x  u s e d  i n  
t h e  s t u d y  r e p r e s e n t s  t h e  accu racy  w i t h  which the  s t a t e  of  t h e  
LM can be de t e rmined  u s i n g  data  from t h e  MSFN. T h i s  m a t r i x  was 
one of s e v e r a l  p u b l i s h e d  by MPAD i n  June  1967 f o r  s t u d i e s  of AGS- 

c o n t r o l l e d  a s c e n t  t o  rendezvous .  These m a t r i c e s  co r re sponded  
to LM e q u a t o r i a l  l a u n c h  s i t e s  from 45 'Eto 45' W l o n g i t u d e .  The 
c o v a r i a n c e  m a t r i x  co r re spond ing  t o  t h e  0' l a u n c h  s i t e  was s e l e c t -  
ed f o r  t h i s  s t u d y  s i n c e  i t s  RSS p o s i t i o n  and v e l o c i t y  e r r o r  mag- 
n i t u d e s  are  t y p i c a l  o f  a l l  s i t e s  e x c e p t  t h e  w e s t e r l y  l a u n c h  sites. 
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E s p e c i a l l y  large e r r o r s  are a s s o c i a t e d  w i t h  t h e  w e s t e r l y  l a u n c h  
s i t e s  s i n c e  there  i s  less t ime f o r  MSFN t r a c k i n g  and o r b i t  de te r -  
m i n a t i o n  a f t e r  LM i n s e r t i o n .  
c o v a r i a n c e  m a t r i x  i s  based ex tends  from l a u n c h  bu rnou t  t o  e i t h e r  
t h e  time of  CSI minus 1 0  minutes  or LM o c c u l t a t i o n  minus 1 0  min- 
u t e s  , whichever  o c c u r s  f irst .  

The MSFN t r a c k i n g  a r c  upon which t h e  

The t e n  minute  i n t e r v a l  was a l lowed  f o r  o r b i t  de te r -  
m i n a t i o n  conve rgence ,  u p d a t e ,  and  p r e - t h r u s t  program be tween t h e  
l a s t  u s a b l e  MSFN data  and e i t h e r  t h e  CSI maneuver or LM o c c u l t -  
a t i o n ,  whichever  was e a r l i e r .  The c o v a r i a n c e  m a t r i x  as p r e s e n t -  
ed by MPAD was r e f e r e n c e d  t o  an  epoch a t  a s c e n t  b u r n o u t ,  b u t  
r e p r e s e n t e d  t h e  u n c e r t a i n t y  i n  t h e  LM s t a t e  a t  epoch t i m e  b a s e d  
on t h e  p e r m i s s i b l e  MSFN t r a c k i n g  data between i n s e r t i o n  and CSI. 

T h i s  c o v a r i a n c e  m a t r i x  may n o t  be  t h e  most r e c e n t  es- 
timate o f  MSFN c a p a b i l i t y ,  a l t hough  i t  i s  f e l t  t h a t  t h e  r e l a t i v e  
n a v i g a t i o n  per formance  u s i n g  d i f f e r e n t  n a v i g a t i o n  s e n s o r s  as 
p r e s e n t e d  i n  t h i s  r e p o r t  w i l l  r ema in  unchanged.  

VII. D I S C U S S I O N  OF RESULTS 

The rendezvous  n a v i g a t i o n  pe r fo rmance  f o r  v a r i o u s  s e n s o r s  
and i n i t i a l  estimated E-matr ices  i s  compared i n  F i g u r e s  3 t h r o u g h  
1 0 .  The f i g u r e s  show RSS p o s i t i o n  and v e l o c i t y  e r r o r s  d e r i v e d  
from the  a c t u a l  ( n o t  t h e  estimate) s t a t e  v e c t o r  c o v a r i a n c e  m a t r i x .  
A "no nav" c u r v e  i s  a l s o  i n c l u d e d  which shows t h e  p r o p a g a t i o n  of 
i n i t i a l  e r r o r s  a s s o c i a t e d  w i t h  t h e  MSFN E m a t r i x .  RSS e r r o r s  b o t h  
b e f o r e  and a f t e r  making n a v i g a t i o n  c a l c u l a t i o n s  are  shown i n  t h e  
f l g i ~ r e s ;  the cons t an t  time p o r t i o n s  o f  t h e  curves  i n d i c a t e  t h e  
r e d u c t i o n  i n  RSS e r r o r  a f f o r d e d  b y  each n a v i s a t i o n  measurement .  

The f o l l o w i n g  c h a r t  i s  a u s e f u l  g u i d e  t o  t h e  f i g u r e s .  

P o s i t i o n  V e l o c i t y  
E-Matrix E r r o r  Error 

MSFN E F i g .  3 F i g .  4 

5 6 Diagonal  MSFN E 

S c a l a r  
Diagonal  MSFN E 7 8 

2x S c a l a r  
Diagonal  MSFN E 9 10 
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From these f i g u r e s  i t  c a n  be obse rved  t h a t  t h e  VHF-only 
per formance  t e n d s  to f o l l o w  t h e  "no nav" c u r v e s ,  e x c e p t  t h e  c a s e  i n  
F i g u r e s  3 and 4 where t h e  MSFN E-matr ix  i s  used  as a n  i n i t i a l  e s t i -  
mated E - m a t r i x .  Only d u r i n g  l i m i t e d  t i m e  i n t e r v a l s  (be tween  1 6 0 0  
s e e  and 2300 s e e  i n  F i g u r e s  5 and 7 ,  f o r  example)  d o e s  t h e  VHF o n l y ,  
when i n i t i a l i z e d  b y  a d i a g o n a l  E-mat r ix ,  o f f e r  s u b s t a n t i a l l y  lower  
e r r o r s  t h a n  "no nav".  

The r e a s o n  f o r  t h i s  somewhat s u r p r i s i n g  r e s u l t  c a n  be 
u n d e r s t o o d  by comparing l o c a l  v e r t i c a l  component c u r v e s  o f  t h e  VHF- 
o n l y  e r r o r  w i t h  c o r r e s p o n d i n g  components f o r  "no nav".  These c u r v e s  , 
which a r e  p r e s e n t e d  i n  F i g u r e s  1 1 - 1 4 ,  show t h a t  t h e  n a v i g a t i o n  p e r -  
f o r m a n c e  w i t h  WF-only measurements i s  dominated  by t h e  o u t - o f - p l a n e  
e r r o r .  A s  would be e x p e c t e d ,  t h e  VHF r e d u c e s  t h e  fo rward  o r  down- 
r a n g e  p o s i t i o n  e r r o r  s i g n i f i c a n t l y .  Comparison of  t h e  u p - d i r e c t i o n  
c u r v e s  show t h a t  t h e  VHF a c t u a l l y  i n c r e a s e s  t h e  u p - d i r e c t i o n  p o s i -  
t i o n  e r r o r .  The ma jo r  c a p a b i l i t y  o f  t h e  VHF r a n g i n g  i s  t o  r e d u c e  
i n - p l a n e  e r r o r s .  S i n c e  t h e  c r o s s - p l a n e  e r r o r  was dominant  f o r  t h e  
MSFN E m a t r i x  used  i n  t h i s  a n a l y s i s ,  t h e  VHF measurements were o f  
l i t t l e  b e n e f i t  u n l e s s  i n i t i a l  c o r r e l a t i o n s  were i n t r o d u c e d  i n  t h e  
i n i t i a l  estimated E - m a t r i x  between t h e  i n - p l a n e  and o u t - o f - p l a n e  
e r r o r s .  The s t a t e  t r a n s i t i o n  m a t r i x  d o e s  n o t  b u i l d  up  c o r r e l a t i o n  
between t h e  i n - p l a n e  and ou t -o f -p l ane  e r r o r  components.  

The a c t u a l  n a v i g a t i o n  e r r o r  as p r e s e n t e d  i n  F i g u r e s  3 
t h r o u g h  1 0  i s  d i s t i n c t l y  d i f f e r e n t  from t h e  es t imate  n a v i g a t i o n  
e r r o r  a s  g e n e r a t e d  by t h e  Kalman f i l t e r  a l g o r i t h m .  F i g u r e s  15 and 
1 6 ,  w h i c h  illi..ist.rate these  e r r o r s  for l o  = 8 0  f t  VHF-only shcw t h a t  
t h e  a c t u a l  e r r o r  i n  t h i s  c a s e  was, a t  some t imes ,  a f a c t o r  o f  two 
l a r g e r  t h a n  t h e  Kalman f i l t e r  e s t i m a t e s .  The d i f f e r e n c e s  between 
t h e  a c t u a l  ana  es t imated c o v a r i a n c e  m a t r i c e s  a r i s e  from t h e  d i f f e r -  
ence  between t h e  i n i t i a l  a c t u a l  and estimated E-matrices and from 
t h e  d i f f e r e n c e  between t h e  a c t u a l  and est imated measurement e r r o r  
c o v a r i a n c e ' .  The r e l a t i o n s h i p  between these  f a c t o r s  c a n  be  s e e n  i n  
E q .  ( 9 )  of Appendix 1. I n  t h i s  a n a l y s i s  t h e  s e n s o r  a c t u a l  and 
es t imated e r r o r  c o v a r i a n c e s  were i d e n t i c a l ,  so  t h a t  t h e  d i f f e r e n c e  
between t h e  a c t u a l  and e s t i m a t e d  c o v a r i a n c e  m a t r i c e s  a r o s e  from 
t h e  d i f f e r e n c e s  i n  t h e i r  i n i t i a l  v a l u e s .  

T h e  SXT-only performance i s  much b e t t e r  t h a n  t h e  VHF- 
o n l y  pe r fo rmance ,  as can  be seen i n  F i g u r e s  3 t h r o u g h  1 0 .  The SXT- 
o n l y  i m m e d i a t e l y  r e d u c e s  t h e  o u t - o f - p l a n e  e r r o r  component and 
c o n t i n u e s  t o  c o n s t r a i n  i t ,  whereas t h i s  component i s  n o t  a l t e r ed  
by t h e  VHF-only and dominates  i t s  RSS e r r o r .  The o p e r a t i o n a l  u s e  
of  t h e  SXT f o r  r endezvous  n a v i g a t i o n  may be  somewhat l i m i t e d ,  how- 
e v e r ,  s i n c e  t he re  may n o t  be s u f f i c i e n t  l i g h t  c o n t r a s t  between t h e  
LM and  t h e  moon background except  f o r  b r i e f  p e r i o d s  when t h e  s u n l i t  
LM i s  viewed a g a i n s t  t he  moon e i t h e r  i n  d a r k n e s s  or l i g h t e d  by 
e a r t h s h i n e ,  or when t h e  LM's f l a s h i n g  l i g h t  i s  d i s t i n g u i s h a b l e .  
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Although t h e  VHF i n  c o n j u n c t i o n  w i t h  t h e  SXT r e d u c e s  
t h e  n a v i g a t i o n  e r r o r  even  lower  t h a n  f o r  SXT-only ( F i g u r e s  3-10) ,  
t h e  f u r t h e r  r e d u c t i o n  a f f o r d e d  b y  t h e  VHF p r o v i d e s  m a r g i n a l  b e n e f i t .  
On t h e  o t h e r  hand ,  t h e  a d d i t i o n  of  SXT measurements  to VHF measure-  
ments p r o v i d e s  a marked improvement i n  pe r fo rmance .  Even one SXT 
mark would b e  v e r y  b e n e f i c i a l ,  s i n c e  i t  would r e d u c e  t h e  ou t -o f -  
p l a n e  p o s i t i o n  e r r o r .  

The e f f e c t i v e n e s s  o f  o p t i c a l  measurements i n  r e d u c i n g  
ou t -o f -p l ane  p o s i t i o n  e r r o r  s u g g e s t s  t h a t  VHF measurements shou ld  be 
augmented w i t h  o p t i c a l  measurements w i t h  t h e  C r e w  O p t i c a l  Alignment 
S i g h t  (COAS) i f  t h e  s e x t a n t  i s  u n a v a i l a b l e .  A t  t h e  i n i t i a l  r ange  
o f  1 . 7  x lo6 f t ,  t h e  9000  f t  ou t -o f -p l ane  e r r o r  o f  t h i s  a n a l y s i s  
c o r r e s p o n d s  t o  an  a n g l e  of 5 m r .  Hence, i f  t h e  measurement e r r o r  
of  t h e  COAS were abou t  5 m r  o r  l e s s ,  i t  would b e  des i r ab le  t o  i n c l u d e  
some COAS measurements t o  r educe  t h e  ou t -o f -p l ane  e r r o r  which i s  
n o t  a l t e r ed  by t h e  VHF. F i g s .  17 and 18  show t h e  improvement made 
by  augmenting t h e  VHF w i t h  3 COAS marks .  

The n a v i g a t i o n  performance u s i n g  d i f f e r e n t  i n i t i a l  
e s t i m a t e d  E m a t r i c e s  f o r  PNGCS is  summarized i n  F i g u r e s  19 and 2 0 .  
S i n c e  t h e  p o s i t i o n  and v e l o c i t y  e r r o r s  f o r  MSFN E are  s u b s t a n t i a l l y  
l e s s  t h a n  t h o s e  f o r  s c a l a r  d i a g o n a l  E ,  i t  seems d e s i r a b l e  t o  u s e  
t h e  MSFN E m a t r i x  as an i n i t i a l  es t imate  r a t h e r  t h a n  a somewhat 
a r b i t r a r y  s c a l a r  d i a g o n a l  m a t r i x .  
r e q u i r e  t h e  t r a n s m i s s i o n  o f  t h e  e l e m e n t s  o f  MSFN E from t h e  ground 
t o  the LM. Cver l ay  r e s t r i c t i G n s  ir, e r a s a b l e  memory m i y  l i m i t  t h e  
t i m e  i n t e r v a l s  d u r i n g  which t h e  c o v a r i a n c e  m a t r i x  c o u l d  b e  u p l i n k e d .  
The c o v a r i a n c e  m a t r i x  s t o r a g e  r e g i s t e r s  are shared by o t h e r  programs 
and r o u t i n e s ,  and c o n f l i c t s  must be  a v o i d e d .  While program mod- 
i f i c a t i o n s  cou ld  s u r e l y  a l l e v i a t e  these p r a c t i c a l  p rob lems ,  t h e  
e x i s t i n g  o v e r l a y  r e s t r i c t i o n s  may p e r m i t  u p l i n k i n g  t h e  MSFN E .  If 
t h e  non-d iagonal  MSFN E cannot  b e  implemented,  t h e  f i g u r e s  show 
tha t  t h e  n e x t  b e s t  t h i n g  t o  do i s  u p l i n k  t h e  d i a g o n a l  e l emen t s  of  
t h e  MSFN E .  The c u r r e n t l y  p lanned  t e c h n i q u e  o f  u s i n g  a s c a l a r  d i a g -  
o n a l  i n i t i a l  c o v a r i a n c e  m a t r i x  i s  t h e  l ea s t  d e s i r a b l e  o f  t h e  t h r e e .  
Doubling t h e  RSS p o s i t i o n  and v e l o c i t y  e r r o r s  of t h e  s c a l a r  d i a g o n a l  
m a t r i x  does  n o t  have much e f f e c t  on t h e  r e s u l t s .  

Use of  t h e  MSFN Ewould ,  of c o u r s e ,  

A se t  o f  c u r v e s  comparing v a r i o u s  l e v e l s  o f  VHF perform- 
ance  i s  d i s p l a y e d  i n  F i g u r e s  2 1  and 2 2 .  S u b j e c t i v e  comparison of 
t he  c u r v e s  shows t h a t  a VHF-only l a  = 500  f t  i s  a p p r o x i m a t e l y  
comparable  t o  PNGCS. T h i s  c o n c l u s i o n  a p p l i e s  on ly  f o r  t h e  c u r v e s  
i l l u s t r a t e d  i n  t h e  f i g u r e s  where MSFN E i s  used  as t h e  i n i t i a l  es- 
t ima ted  E-mat r ix ,  s i n c e  VHF-only does  n o t  s u b s t a n t i a l l y  improve 
n a v i g a t i o n  performance o v e r  "no nav" when t h e  i n i t i a l  estimated E 
i s  t a k e n  t o  b e  a d i a g o n a l  m a t r i x .  
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V I I I .  C O N C L U S I O N S  AND RECOMMENDATIONS 

Based on t h e  r e s u l t s  of  t h i s  s t u d y ,  t h e  f o l l o w i n g  
recommendations can b e  made: 

1. 

2 .  

3 .  

4. 

When u s i n g  VHF-only data ,  t h e  MSFN E-matr ix  (or some 
o t h e r  b e s t  estimate non-d iagona l  c o v a r i a n c e  m a t r i x )  
s h o u l d  b e  used  as an  i n i t i a l  es t imated E-mat r ix .  

The smaller e r r o r s  r e s u l t i n g  f r o m  s e x t a n t - o n l y  make 
i t  a more desirable  s e n s o r  t h a n  VHF-only. There i s  
m a r g i n a l  b e n e f i t  i n  augmenting s e x t a n t  measurements  
w i t h  W F  measurements.  

To g r e a t l y  r e d u c e  t he  ou t -o f -p l ane  e r r o r s ,  VHF 
measurements shou ld  b e  adgmented w i t h  one or more 
s e x t a n t  marks.  I f  s e x t a n t  o p e r a t i o n  i s  n o t  
p o s s i b l e ,  COAS measurements would b e  a des i r ab le  
a d d i t i o n  t o  t h e  VHF. 

E i t h e r  t h e  MSFN E o r  t h e  d i a g o n a l  MSFN E M a t r i x  
y i e l d s  smaller errors w i t h  t h e  PNGCS t h a n  a 
s c a l a r  d i a g o n a l  i n i t i a l  E-mat r ix .  If a s c a l a r  
d i a g o n a l  m a t r i x  i s  u s e d ,  a f a c t o r  o f  two d i f f e r e n c e  
i n  t h e  s c a l a r  f a c t o r  makes l i t t l e  d i f f e r e n c e  i n  
the  subsequen t  error. 

2014-WOC-b j w  

At tachments  
’ Appendix 1 

F i g u r e s  1 - 2 2  
R e f e r e n c e s  
T a b l e s  1 and 2 
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APPENDIX 1 

DERIVATION OF ACTUAL COVARIANCE MATRIX OF NAVIGATION ERROR 

The basic equations of the Kalman Filter are (see 
Figure 2): 

-1 HT - = E  + E+ 

A -1 ,. A - 1  w = E+HQ = E H(H~E H + Q) - - 

A 

E+ = estimated covariance matrix of navigation error, e, 

E - = estimated covariance matrix of navigation error, e, 

after incorporating navigation data 

before incorporating navigation data 

h 

H = measurement sensitivity matrix 

Q = estimated measurement error covariance matrix 
h 

W = weighting matrix of filter 

a = measurement error 

e - = navigation error prior to incorporating measurement, 
(see Figure 2) 

A 

x - = estimated state vector prior to incorporating 
measurement data (see Figure 2) 

h 

x+ = estimated state vector after incorporating measurement 
data (see Figure 2) 

3 = instrument reading 
h 

q = expected instrument reading 
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From the definitions of Figure 2, 
h 

6x+ - - et t 6x, 

h 

6x = e t 6x. - - 

Substituting equations (21, (41, and ( 5 )  in Equation (31 ,  

^-1 T 
- et = e + E + H ~ - ’  a -E,HQ H e 

Substituting equation (1) into equation (61, 
- 

h A  A h  -1 - et = E+HQ-’ a t E,E e - 

(4) 

( 5 )  

( 7 )  

The actual covariance matrix of the navigation error in terms 
of the estimated covariance matrix is: 

where E denotes the expectation operation. 

Equation ( 9 )  is iusec?. in t h e  Eellcomm sin;.;ktizlii pi:oC;;ri.arn to 
compute the actual error covariance matrix of the navigation 
e r r o r  in terms of the estimated covariance matrix generated 
by the Kalman filter algorithms. 



a 

BELLCOMM, I N C .  

Table  I 

I n i t i a l  Es t ima ted  Covar iance  M a t r i c e s  

(1) MSFN E M a t r i x  ( s e e  Note) 

.680 
- .857 1 - 4 4  

.548  -.899 9 .22  
(Symmetr ic)  

I .912 - .992 ,842  1 .70  
- .ggg .854 -.540 - .go8 .361  

,342  - .218 .088  .255 -.319 1.49  

RSS 9.36 k f t  2.29 f p s  

( 2 )  Diagonal  MSFN E ( s e e  Note) 

.680 
1 . 4 4  

9 .22  

( d i a g o n a l )  
1 .70  

.361 
i i.49 

RSS 9.36  k f t  2 .29 f p s  

( 3 )  S c a l a r  Diagonal  MSFN E (same RSS) ( s e e  Note)  

5.40 
5.40 

5.40 
1 . 3 2  

1 . 3 2  ( d i a g o n a l )  

1 .32  

RSS 9.36  k f t  2.29 f p s  

NOTE: Diagonal  e l emen t s  a r e  s t a n d a r d  d e v i a t i o n s ;  o f f - d i a g o n a l  
e l emen t s  a r e  c o r r e l a t i o n  c o e f f i c i e n t s .  The RSS e r r o r s  
are p o s i t i o n  and v e l o c i t y  r e s P e c t i v e l Y .  



. 

(4) 2X Scalar Diagonal MSFN E ( see  Note)  

10.8 
10.8 

10.8 
2 . 6 5  

2.65 (diagonal) 

2.65 

RSS 1 8 . 7 3  k f t  4 . 5 9  f p s  
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T a b l e  I1 

S e n s o r  1-sigma Random Errors Used i n  t h e  A n a l y s i s  

Range Error ( f t )  

Range S c a l e  F a c t o r  E r r o r  ( % )  

Eiange Rate Error ( f t / s e c )  

Range Rate S c a l e  F a c t o r  Error ( % )  

Angle E r r o r  ( m r )  

SXT(6) 

.2  

RR 
(PNGCS) ( 7 )  

500. 

33 

1. 

. 4  

5.  
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X = r e f e r e n c e  s t a t e  v e c t o r  -R 

X = a c t u a l  s t a t e  v e c t o r  

X = estimated s t a t e  v e c t o r  

- 
A 

- 
6X = d e v i a t i o n  v e c t o r  

6X = estimate d e v i a t i o n  v e c t o r  

- 
A 

- 
- e = n a v i g a t i o n  e r r o r  

FIGURE 2 

D e f i n i t i o n  of S t a t e  Vec to r s  and N a v i g a t i o n  Error 
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